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Background

» End-to-end risks in stochastic robot
navigation
- Characterize safety of the planned
trajectories.
- Plan risk optimal trajectories.

> Discrete-timTe end-to-end risk:
P(E) = P(\/ E;), where E; :=x}° € x°",
t=0

» Exact evaluation of the end-to-end risk P(E) is challenging
- {E:} ], are statistically dependent events.
- We derive upper and lower bounds using inequalities of
Hunter, Kounias, Fréchet, and Dawson .
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Existing Approaches
» Monte Carlo methods '

- Computationally expensive and might underestimate the
failure probability.

" (Janson, Schmerling, and Pavone 2018), (Blackmore, Ono, Bektassov, et al. 2010)
2 (Strawser and B. Williams 2018)
3 (Blackmore, Ono, and B. C. Williams 2011), (Ono et al. 2015)
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Existing Approaches
» Monte Carlo methods"
- Computationally expensive and might underestimate the
failure probability.

» Approximation of law of total probability 2
T T
P(v Et>~1— IT P (EFIEE )
t=0 =0

- Canresultin overly conservative estimates or can
underestimate the failure probability.

T T
» Boole's inequality 3: P (\/ Et) <> P(E)
t=0 t=0
- Commonly used in risk-aware control problems due to its
time-additivity.
- Ignores the dependency among events {E,}/[,, can result
in overly conservative estimates.

" (Janson, Schmerling, and Pavone 2018), (Blackmore, Ono, Bektassov, et al. 2010)

2 (Strawser and B. Williams 2018)
3 (Blackmore, Ono, and B. C. Williams 2011), (Ono et al. 2015)
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plan __ plan plan
Xepr = Aexp  + Beug
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» Planned trajectory
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plan __ plan plan
Xt+1 = At Bt u; .

plan

> Executed trajectory
i}fl = Atxiys =+ Btuiys =+ Wy, W ~ N(O Wt)
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» Planned trajectory

- Afinite sequences of posmons {2 € Xpee }i_o and

control inputs {uP'™" € R} satisfying

plan __ plan plan
Xt+1 = At + Bt u; .

> Executed trajectory

plan

Xi)_,,'_sl = AtXin =+ Btuiys =+ Wy, W ~ N(O Wt)

_ Xg)lan plan

- Defining x; == x}** and u; = u}® —

Xep1 = AXe + Bl +wy, Wi~ N(Oa Wt)a

, we get

» Sensor model
Yie = Cext + vy, v~ N (0, V)
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Problem Formulation

» Planned trajectory

- Afinite sequences of posmons {2 € Xpee }i_o and

control inputs {uP'™" € € R™}/[ ! satisfying

plan __ plan plan
Xt+1 = At + Bt u; .

> Executed trajectory

plan

Xi}fl = AtXin =+ Btuiys =+ Wy, W ~ N(O Wt)

_ Xg)lan plan

- Defining x; := x}”® and u; = u}® —
t t

Xep1 = AXe + Bl +wy, Wi~ N(Oa Wt)a

, we get

» Sensor model
yi = Cex¢ + Ve, vi ~ N (0, V4)
> Discrete-timTe end-to-end risk:
P(E) = P(t\_/0 E:.), where E; == x}"° € A°bs,
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Probability Inequalities

Define:

pr =P (Et), psy = P(EsNEt), S1'= Y. pt, 2= D psr-
0<t<T 0<s<t<T

> Kwerel's upper bound: P (E) < $; — 227 5».

» Kounias' upper bound: P (E) < §; — max Y. Pst
0<s<T 0<t<T, ts

» Hunter's upper bound: P(E) < S; —max Y. ps:
T (s,t):est€T
where 7 is a spanning tree of the graph whose vertices are
{E:} [, with Eg and E; joined by an edge e; ; if Es A\ E; # (.

» Suboptimal Hunter’'s upper bound:

P(E)<Si— > pe-1t
1<e<T
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Probability Inequalities

» Fréchet's lower bound: P(E) > max_ps.
0<t<T

» Bonferroni's second-order lower bound: P(E) > §; — S.
» Dawson and Sankoff's lower bound: if S; > 0,

P(E) = k%tlsl - k(k2+1)52=

where k — 1 is the integer part of 25,/5;.
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4 (Stengel 1994)
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Trajectory Tracking Controller

» Optimal controller for stochastic LQR 4:
uy = Ft)A(t|t
F: are the LQR gains and X, are the state estimates
obtained by the Kalman filter.

» The a priori state estimates X.._; and the a posteriori state
estimates X,|, evolve according to

Xejt—1 = Ar—1Xe_1)¢-1 + Be—atle—1, X0 =0

Xt = X¢|t—1 T Gt (}’t - Ctxt|t—1) )

where G; are the Kalman gains.

4 (Stengel 1994)
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Closed-Loop Trajectory Distribution

The state deviation x; and its a priori estimate X,,_; jointly
evolve as:

)?H_l == Zt)?t +Wt, Wt ~ N (O,Wt)

_ Xt _ BtFthVt + Wt
where Xx; = |:)?t|t—1:| » We = [(At + B:Fy) Gth ,

A= [ A+ BF.GC:  BiFe(l - GCy) }
© 7T (Ac+ BiFt) GiCr (Ac+ BeFi) (I — GGy

B:F:G: V.G F B+ W,  B.F:G:V;G, (Ac+B:F)"
(Ac+B:F) GV, G F B (Ar+B:F) G VoG (A+BF)|

Wt =
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Stacking x; for all time steps, we get

xtrai — Mxo + NWtraj’ wirai ~N (0, diag Wt) ,

0<t<T-1
EX Rz | i
X1 wi Ao
where X' .= [ X2 | wial .= | W2 | M= A1Ag ,
XT (WT_1] Ar_1... A
i 0 0 0]
/ 0 0
N = Zl / 0
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P(E)=1- / N (0, X'TaT) dx'rai,
Xfree
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Closed-Loop Trajectory Distribution

> Assuming Xo = 0, the distribution of x'*® can be written as

XU o N (0, thj) ,XT = N< diag Wt> NT.

0<t<T-1

> Defining x'™:= [xo x1 ... x7], X"~ N(0, X'r2i)
where X4 is obtained by marginalizing X'"™.
» End-to-end probability of failure:

P(E)=1- / N (0, X'TaT) dx'rai,
Xfree

» Evaluating the above integral on a high dimensional
non-convex region is computationally expensive.
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Computation of the Bounds

» The main task in computing the probability bounds is to
compute the univariate probabilities p;, and bivariate joint
probabilities ps ;.

xiys N Xplan’ Xt)
T T
[Xiys xi}’S] ~ N [Xglanx?lan} ’ Xst>
where X; and X,; are obtained by marginalizing X',

1
pe= o N (X", X )

T
1 1 Sys y_Sys
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Computation of the Bounds

» The main task in computing the probability bounds is to
compute the univariate probabilities p;, and bivariate joint
probabilities ps ;.

X3~ N (X )
2 xT o N [Xglanxglan}—r ’ Xst>
where X; and X,; are obtained by marginalizing X',
pe= o N (X", X )

T
lan _plan Sys y_Sys
pS,f: onbs f)(obs N (|:X5P Xf ] ) dXsy dX y

» In this work, we assume that the obstacles are convex
polytopes and develop a formulation to compute p; and
ps,:, numerically. Please refer to the paper for the details.
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Simulation Results
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Pedram et al. 2021.



The University of Texas at Austin

Cockrell School of Engineering

Simulation Results

Comparison of different risk estimates over 100 trajectories

Estimates Mean Abs. Error | Avg. Time [s]
Monte Carlo 0 46.83
Upper bounds
Boole 40.59 0.01
Kwerel 38.15 2.43
Kounias 13.34 2.42
Hunter 8.63 2.1
Hunter suboptimal 10.25 0.18
Lower bounds
Bonferroni 54.88 2.44
Fréchet 40.08 0.01
Dawson 16.74 2.44




The University of Texas at Austin

Cockrell School of Engineering

Outline

Higher-Order Probability Bounds



The University of Texas at Austin

Cockrell School of Engineering

Higher-Order Probability Bounds

» A third-order upper bound computed using the Cherry
Trees approach >

» Bounds higher than order 3 can be computed using the
linear programming algorithms ©

» Bonferroni's k*-order bound:
P(E)<S —So+S3—...—Sk_1+ S ifk< Tisodd
P(E)251—524-53—...4-5;(,1—5/( if k < T is even
where S, = > P(E;AN\...\E;).

0<1<...<jr <T

5 (Bukszér and Prekopa 2001)
6 (Prékopa 1988)
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Summary
> We presented an analytical method to compute upper and
lower bounds for the discrete-time collision probability of
motion plans.

» The bounds are computed using the closed-loop system
trajectory distribution of the system without making any
independence assumptions on the events of collision at
different time steps.

» Numerical validation demonstrates that our bounds are
less conservative than the Boole’s bound commonly used
in the literature and are cheaper in computation than the
Monte Carlo method.

Check out the paper for more details and results.
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Summary
> We presented an analytical method to compute upper and
lower bounds for the discrete-time collision probability of
motion plans.

» The bounds are computed using the closed-loop system
trajectory distribution of the system without making any
independence assumptions on the events of collision at
different time steps.

» Numerical validation demonstrates that our bounds are
less conservative than the Boole’s bound commonly used
in the literature and are cheaper in computation than the
Monte Carlo method.

Check out the paper for more details and results.

» Future work: Incorporation of the presented bounds in
the planning phase to generate risk-optimal trajectories.
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